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Abstrat
Wigner and Yanase introdued in 1963 the Wigner-Yanase entropy
dened as minus the skew information of a state with respet to a
onserved observable. They proved that the Wigner-Yanase entropy is
a onave funtion in the state and onjetured that it is subadditive
with respet to the aggregation of possibly interating subsystems.
While this turned out to be true for the quantum-mehanial entropy,
we negate the onjeture for the Wigner-Yanase entropy by providing
a ounter example.
1 Introdution
The Wigner-Yanase-Dyson entropy Sp(ρ, k) is dened [10℄ by setting
Sp(ρ, k) =
1
2
Tr[ρp, k][ρ1−p, k] 0 < p < 1,
where ρ is a state (or density matrix) and k is a onserved (self-adjoint)
observable. Sine Sp(ρ, k) is homogeneous in ρ we may regard it as a funtion
dened on the set of all positive denite operators on a Hilbert spae H. If the
dimension of H is innite, we usually impose the ondition that k is a trae
lass operator. Note also that Sp(ρ, k) is minus the Wigner-Yanase-Dyson
skew information in the state ρ with respet to the (onserved) observable k.
Wigner and Yanase proved onavity in the state ρ of the Wigner-Yanase
entropy
S(ρ, k) =
1
2
Tr[ρ1/2, k]2
1
and onjetured that also the Wigner-Yanase-Dyson entropy is onave in ρ
for 0 < p < 1. The onjeture was eventually proved by Lieb [5℄. The result
is in line with the well known onavity of the quantum-mehanial entropy
S(ρ) = −Tr ρ log ρ.
Wigner and Yanase also onjetured [10℄ that the Wigner-Yanase entropy is
subadditive in the following sense. Let H12 = H1⊗H2 be a tensor produt of
two Hilbert spaes H1 and H2, and let ρ12 be a positive denite operator on
H12. In physial appliations one also requires that Tr ρ12 = 1. The partial
trae ρ1 = Tr1 ρ12 is the operator on H1 dened by setting
(ξ | ρ1η) =
∑
i∈I
(ξ ⊗ ei | ρ12(η ⊗ ei)) ξ, η ∈ H1
where (ei)i∈I is any orthonormal basis in H2. We similarly dene the partial
trae ρ2 = Tr2 ρ12 on H2. Let k1 (respetively k2) be a self-adjoint operator
on H1 (respetively H2) and dene
k12 = k1 ⊗ 12 + 11 ⊗ k2.
Subadditivity of the Wigner-Yanase-Dyson entropy is the ondition
(1) Sp(ρ12, k12) ≤ Sp(ρ1, k1) + Sp(ρ2, k2).
Wigner and Yanase proved subadditivity (1) if ρ12 = ρ1 ⊗ ρ2 is a simple
tensor of density matries ρ1 and ρ2 (with equality), or if ρ12 is a pure state
[10℄. Lieb also noted [5℄ that (1) holds if k1 = 0 or k2 = 0.
The notion of subadditivity for the lassial entropy with respet to the
aggregation of not neessarily isolated systems goes bak to Gibbs [2℄ and
were later used by Kolmogorov and Sinai. A historial aount may be
found in Werhl [9℄, f. also Ruelle [8, Proposition 7.2.6℄. It was therefore
natural to expet the same properties of the quantum-mehanial entropy.
Subadditivity of the quantum-mehanial entropy was proved by Landford
and Robinson [4℄ who ited earlier partial results by Delbrük and Molière,
and R. Jost, f. also Araki and Lieb [1℄, while strong subadditivity were
onjetured by Landford and Robinson [4℄ and proved by Lieb and Ruskai
[6℄, f. also [7℄.
The notion of strong subadditivity for the Wigner-Yanase-Dyson entropy
is dened in the following way. Let H123 = H1⊗H2⊗H3 be a tensor produt
of three Hilbert spaes H1, H2 and H3 and let ρ123 be a positive denite
operator on H123. We onsider the partial traes
ρ2 = Tr2 ρ123, ρ12 = Tr12 ρ123, ρ23 = Tr23 ρ123
2
and dene
k123 = k1 ⊗ 12 ⊗ 13 + 11 ⊗ k2 ⊗ 13 + 11 ⊗ 12 ⊗ k3,
where k1, k2 and k3 are self-adjoint operators on H1, H2 and H3 respetively.
Strong subadditivity of the Wigner-Yanase-Dyson entropy is the ondition
(2) Sp(ρ123, k123) + Sp(ρ2, k2) ≤ Sp(ρ12, k12) + Sp(ρ23, k23),
where k12 = k1 ⊗ 12 + 11 ⊗ k2 and k23 = k2 ⊗ 13 + 12 ⊗ k3.
Strong subadditivity (SSA) is for the Wigner-Yanase-Dyson entropy a
stronger ondition than just subadditivity (SA). This may be inferred
1
in
the following way. We set H2 = C and let
ρ13 =
∑
i
xi ⊗ zi, xi ∈ B(H1), zi ∈ B(H3)
be a positive semi-denite operator on the tensor produt H1 ⊗H3 and set
ρ123 =
∑
i
xi ⊗ 12 ⊗ zi.
We alulate the partial traes
Tr13 ρ123 = ρ13, Tr12 ρ123 = Tr1 ρ123, Tr23 ρ123 = Tr3 ρ123
and by setting k2 = 12, we obtain Sp(ρ123, k123) = Sp(ρ13, k13) and
Sp(ρ2, k2) = 0, Sp(ρ12, k12) = Sp(ρ1, k1), Sp(ρ23, k23) = Sp(ρ3, k3).
Strong subadditivity thus entails
Sp(ρ13, k13) ≤ Sp(ρ1, k1) + Sp(ρ3, k3),
whih is subadditivity.
2 The WY-entropy is not subadditive
We shall demonstrate that the Wigner-Yanase entropy is not subadditive
(and therefore not strongly subadditive either).
1
The author is indebted to E. Lieb and R. Seiringer for providing this argument.
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Consider the tensor produt H12 = H1⊗H2 of two Hilbert spaes, eah of
dimension 2, with xed orthonormal bases (e1, e2) inH1 and (f1, f2) inH2.We
introdue the positive denite operator ρ12 onH12 with matrix representation
ρ12 =


7 5 5 6
5 6 2 5
5 2 6 5
6 5 5 7


and eigenvalues
1
2
(21 + 5
√
17), 4, 1, 1
2
(21− 5√17). The oordinates of for ex-
ample ρ12(e2⊗f1) are then given by olumn no. 3 in the matrix representing
ρ12. The positive denite square root ρ
1/2
12 is represented by
ρ
1/2
12 =


2 1 1 1
1 2 0 1
1 0 2 1
1 1 1 2


and have eigenvalues
1
2
(5 +
√
17), 2, 1, 1
2
(5−√17).
We also onsider the operators on H1 and H2 given by
k1 =
(
10 1
1 1
)
and k2 =
(
1 1
1 10
)
,
and alulate
k1 ⊗ 12 =


10 0 1 0
0 10 0 1
1 0 1 0
0 1 0 1

 , 11 ⊗ k2 =


1 1 0 0
1 10 0 0
0 0 1 1
0 0 1 10


and
k12 = k1 ⊗ 12 + 11 ⊗ k2 =


11 1 1 0
1 20 0 1
1 0 2 1
0 1 1 11

 .
The ommutator
[ρ
1/2
12 , k12] =


0 10 −8 0
−10 0 0 −10
8 0 0 8
0 10 −8 0


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has a square
[ρ
1/2
12 , k12]
2 =


−164 0 0 −164
0 −200 160 0
0 160 −128 0
−164 0 0 −164


and therefore
S(ρ12, k12) =
1
2
Tr[ρ
1/2
12 , k12]
2 = −328.
We alulate the partial traes
ρ1 = ρ2 =
(
13 10
10 13
)
with eigenvalues (3, 23) and positive denite square roots
ρ
1/2
1 = ρ
1/2
2 =
( √
3+
√
23
2
−
√
3+
√
23
2
−
√
3+
√
23
2
√
3+
√
23
2
)
.
The ommutators
[ρ
1/2
1 , k1] = −[ρ1/22 , k2] =
(
0 −9
2
(−√3 +√23)
9
2
(−√3 +√23) 0
)
have squares
[ρ
1/2
1 , k1]
2 = [ρ
1/2
2 , k2]
2 =
(
−81
4
(−√3 +√23)2 0
0 −81
4
(−√3 +√23)2
)
and therefore
S(ρ1, k1) = S(ρ2, k2) =
1
2
Tr[ρ
1/2
1 , k1]
2 = −81
4
(−
√
3 +
√
23)2.
In onlusion we obtain
S(ρ1, k1) + S(ρ2, k2)− S(ρ12, k12) = −81
2
(−
√
3 +
√
23)2 + 328
= −725 + 81√69
≈ −52.1635,
whih ontradits the onjeture of subadditivity of the Wigner-Yanase en-
tropy. We report without giving a proof that also the Wigner-Yanase-Dyson
entropies, for 0<p<1, fail to be subadditive.
5
3 More general entropies
The failure of the WYD-entropies Sp(ρ, k) to be subadditive is not related
to the term ρp as one might expet. In a reent paper [3℄ we introdued,
for eah regular monotone metri with Morozova-Chentsov funtion c, a so
alled metri adjusted skew information Ic(ρ, k) whih is a generalization
of the Wigner-Yanase-Dyson skew information. The extreme points in the
onvex set of Morozova-Chentsov funtions are given by the funtions
(3) cλ(x, y) =
1 + λ
2
(
1
x+ λy
+
1
λx+ y
)
x, y > 0,
where λ ∈ [0, 1]. We introdue for eah λ ∈ (0, 1] the λ-entropy
(4) Eλ(ρ, k) = −Icλ(ρ, k) = −Tr ρk2 + Tr k fλ(Lρ, Rρ)k
speied by the funtion
fλ(x, y) = xy · cλ(x, y) x, y > 0.
Eah λ-entropy is a onave funtion in ρ, and it is additive with respet to
the aggregation of isolated subsystems [3℄. The λ-entropies are vanishing for
ommuting operators ρ and k and have therefore no lassial ounterparts.
Furthermore, the Wigner-Yanase-Dyson entropy has the following represen-
tation
(5) Sp(ρ, k) =
p(1− p)
2
∫
1
0
Eλ(ρ, k)
(1 + λ)2
λ
dµp(λ) 0 < p < 1,
where
dµp(λ) =
2 sin ppi
pip(1− p) ·
λp + λ1−p
(1 + λ)3
dλ
is a probability measure on [0, 1] suh that
∫
1
0
λ−1dµ(λ) <∞.
Although the λ-entropies are muh simpler than the WYD-entropies, we
realize from equation (5) that at least one of them must fail to be subadditive,
and this applies then to all of them beause of their similarities.
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